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dcind zxcbd

:ze`ad zepekzd z` zniiwnd X ly zeveaw izz ly m sqe` `id X dveaw lr dxabl`-σ (dxabl`-σ) 1 dxcbd

X ∈ m •

A ∈ m⇒ Ac ∈ m •

∀n : An ∈ m⇒
⋃
nAn ∈ m •

X lr dxabl`-σ `id m xy`k (X,m) bef `ed cicn agxn (cicn agxn) 2 dxcbd

lkl m` dcicn divwpet `xwz f : X → Y e ibeleteh agxn Y ,cicn agxn (X,m) (dcicn divwpet) 3 dxcbd
f−1(V ) ∈ m miiwzn V ⊂ Y dgezt dveaw

divwpetd f` Y ibeleteh agxn jezl dtivx divwpet Φ : R2 → Y e X lr zeiynn zecicn zeivwpet u, v m` 1 htyn
dcicn `id h(x) = Φ(u(x), v(x))

.(dtivx Φ ik) dcicn g y ze`xdl icy xexa ,dcicn Φ ◦ g y ze`xdl mivex g(x) = (u(x), v(x)) :onqp - dgked

.I1 × I2 gezt oaln ly xewn lr lkzqdl ic okl ,migezt mipaln ly dipa oa cegi` `id R2 a dgezt lk

g−1(I1 × I2) = u−1(I1) ∩ v−1(I2)

� cicn okle zecicn ly jezig

:zeiynn u, v xy`k f = u+ iv m` (cicn `vei zecicn mr miyery dn lk hrnk) 1 dpwqn

dcicn zakexn f = u+ iv f` zecicn u, v m` •

zecicn zeiynn u, v, |f | mb f` dcicn zakexn f m` •

zecicn f + g, fg mb f` zecicn zeakexn f, g •

dcicn χE f` E ∈ m m` •

f = α|f | e |α| = 1 y jk dcicn α yi f` dcicn f m` •

dtivx (x, y) 7→ x+ iy ik - htyndn • - dgked

dcicn mr dtivx ly dakxd u, v, |f | okle zetivx Re(z), Im(z), |z| ik •

u + iv k oze` aezkl jixv zeakexn xear .zetivx (x, y) 7→ xy e (x, y) 7→ x + y - iciin df zeiynn xear •
mitivx cxtpa iynnde dnecnd wlgdy ze`xdle

X,Φ, E,Ec n cg` `id dveaw lk ly xewnd - xexa •

k dtivx Φ = z
|z| sqepa .dcicn f + χE mb okle dcicn χE mb okle dcicn E f` E = f−1(0) a onqp •
zeyxcpd zepekzd z` zniiwny wecal lwe dcicn α = Φ ◦ (f + χE) okle Φ : C \ {0} → C

�
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dliknd dcigi zilnipin dxabl`-σ yi f` X ly zeveaw izz ly F sqe` ozpda (zxvepd dxabl`-σ d) 2 htyn
.oze`

xak myne F z` zelikny el` lk jezig z` gwip f` .dxabl`-σ `ed ze`xabl`-σ ly jezigy wecal lw - dgked

� .xexa

X ibeleteh agxn ly dibeletehdn zxvepd dxabl`-σ d ixai` od lxea zeveaw (lxea zeveaw) 4 dxcbd

xyt`e zexebq ly dipn oa cegi` `id m` Fσ zegezt ly dipn oa jezig `id m` Gδ z`xwp dveaw (Gδ, Fσ) 5 dxcbd
'eke Gδ zeveaw ly dipn oa cegi` `id Gδσ - jiyndl mb

l qgia dcicn `id m` lxea-dcicn `xwz miibeleteh miagxn bef oia f : X → Y (lxea-dcicn divwpet) 6 dxcbd
X lr lxea zxabl`-σ

:f` f : X → Y e ibeleteh agxn Y e cicn agxn (X,m) m` 3 htyn

Y a dxabl`-σ `id Ω =
{
E ⊂ Y ; f−1(E) ∈ m

}
•

dcicn f−1(E) f` lxea zveaw E ⊂ Y e dcicn f m` •

dcicn f f` a ∈ R lkl f−1((a,∞]) ∈ m m` Y = [−∞,∞] xear •

dcicn g ◦ f : X → Z f` lxea dcicn g : Y → Z e h''n Z m`e dcicn f m` •

f−1(Ac) = (f−1(A))c oke f−1(
⋃
An) =

⋃
f−1(An) ik xexa ic • - dgked

lxea zeveaw lk z` mb okle ,zegeztd lk z` dlikn Ω f` dcicn f m` •

el`k zeveaw ly xewndy ze`xdl lwe (a,∞], [−∞, a), (a, b) beqdn zeveaw ly dipn oa cegi` `id dgezt lk •
.gezt

xexa •

:leab zeivwpet xicbp f` fn : X → [−∞,∞] m` (zeivwpet zexcq ly leab) 7 dxcbd

(supn fn)(x) = supn(fn(x)) •

(infn fn)(x) = infn(fn(x)) •

(lim supn fn)(x) = lim supn(fn(x)) •

(lim infn fn)(x) = lim infn(fn(x)) •

,inf fn mby raep o`kne) .zecicn lim sup fn mbe sup fn mb f` ,dcicn fn : X → [0,∞] n lkl m` 4 htyn
(.zecicn od lim inf fn

la` .cicn (a,∞] ly ly xewndy ze`xdl ic mcewd htyndn - dgked

(sup
n
fn)−1((a,∞]) =

⋃
n

f−1
n ((a,∞])

n lkl mb okle dcicn infn fn = − supn(−fn) mb okle dcicn supn fn f` .cicn okle zecicn ly dipn oa cegi`

� lim inf = − lim sup(−fn) mb okle dcicn lim supn fn = infn(supk≥n fn) mb okle dcicn supk≥n fn

(lim sup = lim inf = lim ) dcicn leabd zivwpet f` - zizcewp zeqpkzn zecicn m` 2 dpwqn

:xy`k f = f+ − f− aezkl xyt` f` f : X → [−∞,∞] m` 8 dxcbd

iaeigd wlgd - f+ = max(f, 0) •

ililyd wlgd - f− = −min(f, 0) •

|f | = f+ + f− miiwzn el` mipeniqae

zecicn f+, f− mb okle zecicn f, g xear dcicn max(f, g) = sup(f, g) 3 dpwqn
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f+ ≤ g, f− ≤ h f` g, h ≥ 0 xear f = g − h m` 1 dprh

h xear dnecae 0 ≤ g ≤ f ⇒ g ≤ max(f, 0) - dgked

mikxr ly iteq xtqn zlawn `id m` dheyt `xwz cicn agxn lr s zakexn divwpet (dheyt divwpet) 9 dxcbd

meyxle Ai = s−1(αi) xicbdl xyt` f` α1 . . . αn mikxr zlawne dheyt s m` 1 dxrd

s =
∑
i

αiχAi

.olek zecicn Ai m''n` dcicn s okle

zipehepen dil` zeqpkzny zeheyt zeivwpet ly sn dxcq yi dcicn f : X → [0,∞] lkl 5 htyn

t ∈ [k2−n, (k+1)2−n] exear k irahd zeidl kn(t) xicbp :R lr x 7→ x zedfd zivwpet xear d`xp ziy`x - dgked

xicbpe

ϕn(t) =
{
kn(t)2−n t < n

n t ≥ n

`id) n lkl dheyt ϕn y xexa .zedfl zeqpkzn ϕn okle t − 2−n ≤ ϕn(t) ≤ t miiwzn [0, n] rhway al miyp

t lkl ik zipehepen `id zeqpkzddy wecal lw .rhw `ed jxr lk ly xewnd ik dcicn `ide (mikxr n2n weica zlawn

l dpqpkzz ode sn = ϕn ◦ f xicbp f : X → R xear ,zrk .xexa myne kn+1(t) ∈ {2kn(t), 2kn(t) + 1} y miiwzn

Id ◦ f = f

xnelk ,ziaihic`-σ `idy µ : m → [0,∞] divwpet `id m dxabl`-σ lr ziaeig dcin (ziaeig dcin) 10 dxcbd
dcin mr dveaw zniiw - sqepae µ(

⋃
nAn) =

∑∞
n=1 µ(An) y miiwzn {An} zebefa zexf zeveaw ly sqe` lkl

.ziteq

dilr µ ziaeig dcine m dxabl`-σ mr X cicn agxn `ed dcin agxn (dcin agxn) 11 dxcbd

f` dcin agxn (X,m, µ) m` (ziaeig dcin ly zepekz) 6 htyn

µ(Φ) = 0 •

A ⊂ B ⇒ µ(A) ≤ µ(B) - zeipehepen •

µ(A) = limn µ(An) f` A =
⋃
An e A1 ⊆ A2 . . . m` •

µ(A) = limn µ(An) f` µ(A1) <∞ sqepae A =
⋂
An e A1 ⊇ A2 . . . m` •

lawp (µ(A) <∞) okle µ(A) = µ(A) + µ(Φ) lawpe A = A∪Φ meyxpe ziteq dcin mr A gwip • - dgked

µ(Φ) = 0

B = A ∪ (B −A) ik xexa •

oaena miiw leabdy oaenk µ(An) =
∑n
i=1 µ(Bn) e zebefa zexf zeveaw lawpe Bn = An − An−1 xicbp •

lim(µ(An)) =
∑∞
i=1 µ(Bn) = µ(

⋃
Bn) = µ(A) zeiaihic`-σ ne miiaeig mixtqn ly xeh df ik agxd

lim(µ(A1)−µ(An)) = limµ(Bn) = µ(A1−
⋂
An) = okle dler zipehepen dxcq ef - Bn = A1−An xicbp •

.mitb`d ipyn xqgl ozip okle µ(A1) <∞ y miiwzne µ(A1)− µ(A)
�

µ e dcicn dheyt divwpet s : X → [0,∞), s =
∑n
i=1 αiχAi

m` (dheyt divwpet ly bal lxbhpi`) 12 dxcbd
xicbp dcicn E lkl f` ,ziaeig dcin∫

E

sdµ =
n∑
i=1

αiµ(Ai ∩ E)

f n zephwd zeheytd zeivwpetd lk z` A a onqp f : X → [0,∞] dcicn divwpet xear (bal lxbhpi`) 13 dxcbd
:xicbpe∫

E

fdµ = sup
s∈A

∫
E

sdµ
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ϕ(E) = f` zilily i` dcicn dheyt divwpet s =
∑n
i=1 αiχAi m` (dcin dxicbn dheyt divwpet) 7 htyn

.ziaeig dcin `id
∫
E
sdµ

:E =
⋃
En onqp f` ,zebefa zexf {En} gwip .zeiaihic`-σ d`xp .ϕ(∅) = 0 xexa - dgked

ϕ(E) =
∑
i

αiµ(E ∩Ai) =
∑
i

αi
∑
k

µ(Ek ∩Ai) =

=
∑
k

∑
i

αiµ(Ek ∩Ai) =
∑
k

∫
Ek

sdµ =
∑
k

ϕ(Ek)

� .miiaeig mixtqn ly minekqa xaecn ik dnikqd xcq z` silgdl did xzen

∫
E

(s+ t)dµ =
∫
E
sdµ+

∫
E
tdµ f` zeilily i` zecicn zeheyt s, t m` 8 htyn

:y al miyp .Eij = Ai ∩Bj ,t =
∑n
i=1 βiχBi

,s =
∑n
i=1 αiχAi

onqp - dgked∫
Eij

(s+ t)dµ = (αi + βj)µ(Eij) =
∫
Eij

sdµ+
∫
Eij

tdµ

zrke∫
X

(s+ t)dµ = ϕ(X) =
∑
i,j

ϕ(Eij) =
∑
i,j

∫
Eij

(s+ t)dµ =

=
∑
i,j

∫
Eij

sdµ+
∑
i,j

∫
Eij

tdµ =
∑
i,j

ϕs(Eij) +
∑
i,j

ϕt(Eij) =

= ϕs(X) + ϕt(X) =
∫
X

sdµ+
∫
X

tdµ

�

-i` zecicn zeivwpet zxcq 0 ≤ f1 ≤ f2 ≤ f3 . . . ≤ ∞ m` (bal ly zipehepend zeqpkzdd htyn) 9 htyn∫
fdµ = lim

∫
fndµ f` f divwpetl zizcewp zeqpkznd zeilily

l agxd oaena qpkzn okle zeiaeig zipehepen dxcq `id
∫
fndµ dxcqd .zecicn ly leabk dcicn f - dgked

lk gwip - ipy cvn α ≤
∫
fdµ leaba mb okle

∫
fndµ ≤

∫
fdµ okle n lkl fn ≤ f - cg` cvn .α ∈ [0,∞]

: xicbpe c ∈ [0, 1) gwpe ,dcicn s ≤ f dheyt divwpet

En = {x; fn(x) ≥ cs(x)}

lecb witqn n yi zxg`e x ∈ E1 f`e cs(x) = 0 mb f` f(x) = 0 m` ,x lkle .efa ef zelkene zecicn En y xexa f`

:eiykre ,
⋃
En = X okle .(c < 1 ik) cs(x) < f(x) e f(x) l aexw witqn fn(x) ik fn(x) > cs(x) y jk∫

X

fndµ ≥
∫
En

fndµ ≥
∫
En

cs(x)dµ

zqpkzn dcind - dler zeveaw zxcq En y llbae ,dφ = csdµ - dcin xicbn dilr lxbhpi` okle dheyt cs(x) xy`k

:xnelk ceg`d zcinl

lim
∫
En

cs(x)dµ = limφ(En) = φ(X) =
∫
X

csdµ

okle

α = lim
∫
X

fndµ ≥
∫
X

csdµ

:miiwzn mb okle s ≤ f lkl z`fe c = 1 xear mb ylg oeieey-i` mr okle c ∈ [0, 1) lkl z`fe

α ≥
∫
X

fdµ

�
∫
fdµ = α = lim

∫
fndµ mvra ,okle

4



: okle dler zipehepen dxcq `id miiwlgd minekqd zxcq f` ,zeiaeig zeivwpet zxcq fn : X → [0,∞] m` 4 dpwqn∫ ∑
n

fndµ =
∑
n

∫
fndµ

zxcq gwip m` la` ,zeivwpet ly iteq mekq lkl milxbhpi`d mekq `ed mekqd lxbhpi`y ze`xdl jixv wx - dgked

leabd lxbhpi`y raep htyndn f` ,(yiy epgked) zipehepen f2 l zqpkzny zeheyt zxcqe f1 l zqpkzny zeheyt

milxbhpi`d mekqe f1 + f2 l zqpkznd zeheyt zxcq `id zeheytd ly minekqd zxcqy oeeikne ,milxbhpi`d leab `ed

.yxcpd z` leaba lawp ,zeheytd ly mekqd lxbhpi`l deey zeheyt zeivwpet ly

:f` zecicn fn : X → [0,∞] m` (Fatou ly dnld) 1 dnl∫
X

lim inf
n

fndµ ≤ lim inf
n

∫
X

fndµ

:lim inf l zqpkznd zeivwpetd zxcq z` xicbp - dgked

gk = inf
n≥k

fn

zipehepend zeqpkzdd htynn okle lim inf fn l zqpkznd dler zipehepen dxcq gk y xexa f`

lim
∫
gkdµ =

∫
lim inf fndµ

:leaba mb okle
∫
gkdµ ≤

∫
fkdµ mb okle gk ≤ fk y miiwzn k lkl la`∫

lim inf fndµ = lim
∫
gkdµ ≤ lim inf

∫
fkdµ

�

lkle .ziaeig dcin `id ϕ(E) =
∫
E
fdµ f` dcicn f : X → [0,∞] m` (dcin dxicbn divwpet lk) 10 htyn

: dcicn g : X → [0,∞]∫
X

gdϕ =
∫
X

fgdµ

:f` E `ed ocegi`y zexf zecicn Ei gwip m` .ϕ(∅) = 0 y xexa ziy`x - dgked

ϕ(E) =
∫
E

fdµ =
∫
X

χEfdµ =
∫
X

∑
i

χEi
fdµ =

∑
i

∫
X

fχEi
dµ =

∑
i

ϕ(Ei)

χEi
ly iteq ix`pil sexiv `id dheyt lk ,zipehepen dil` zeqpkzny zeheyt zxcq gwip g yi m` zrk .dcin ϕ okle

:mxeare mdylk∫
X

χEi
dϕ = ϕ(Ei) =

∫
E

fdµ =
∫
X

χEi
fdµ

� .zipehepend zeqpkzdd htynn g xear mb oekp df okle l''wk ,zeheytd xear mb oekp df okle

zecicnd zeivwpetd lk sqe` z` L1(X,µ) a onqp X cicn agxn lr µ ziaeig dcin ozpda (L1(X,µ)) 14 dxcbd
.(zeiliaxbhpi` zeivwpet e`xwi elld zeivwpetd)

∫
X
|f |dµ <∞ y zeniiwnd f : X → C

:xicbp f = u+ iv ∈ L1(µ) xear (zakexn divwpet ly lxbhpi`) 15 dxcbd∫
E

fdµ =
∫
E

u+dµ−
∫
E

u−dµ+ i(
∫
E

v+dµ−
∫
E

v−dµ)

.iteq akexn xtqn elek lxbhpi`d okle miiteqe mixcben milxbhpi`d lk 0 ≤ (u, v)± ≤ |f | y oeeikn xy`k
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y miiwzn α, β ∈ C lkl mb f` f, g ∈ L1 m` (eilr ix`pil lpeivwpet `ed lxbhpi`e ixehwe agxn L1) 11 htyn
:ok lr xzie αf + βg ∈ L1∫

(αf + βg)dµ = α

∫
fdµ+ β

∫
gdµ

ik xexa df la` qpkzn lxbhpi`dy ze`xdl jixv ,dcicn zecicn ly l''wy epi`x xak - dgked

|αf + βg| ≤ |α||f |+ |β||g|

.lxbhpi`d ly xlwqa ltk `ed xlwqa ltk ly lxbhpi`ye milxbhpi`d mekq `ed mekqd lxbhpi`y ze`xdl jixv eiykr

.epi`xd xak df z`e ,miiaeig miiynn mixlwqe zeiaeig zeivwpetl ze`xdl icy dxcbdn zexiyi xexa ic df la`

|
∫
X
fdµ| ≤

∫
X
|f |dµ :miiwzn f ∈ L1 lkl 12 htyn

:f` |z| = αz onqp zxg` .zil`ieixh dprhd z = 0 m` ,z =
∫
X
fdµ onqp - dgked

|
∫
fdµ| = α

∫
fdµ =

∫
udµ+ i

∫
vdµ =

:okle u ≤ |αf | = |f | y xexae ,iynn oini cv mb f` iynn l`ny cvy oeeikn

=
∫
udµ ≤

∫
|f |dµ

�

-zcewp zeqpkzn zecicn zeakexn zeivwpet zxcq fn : X → C m` (bal ly zhlypd zeqpkzdd htyn) 13 htyn
:miiwzne f ∈ L1(µ) leabd zivwpet if` |fn| ≤ g - n lkl y jk g ∈ L1(µ) zniiwe f l zi

lim
n

∫
|fn − f |dµ = 0

:mb (zncewd dprhdn) okle

lim
n

∫
fndµ =

∫
fdµ

okle |fn| ≤ g .xexa ic df zeakexn xear mb okle ,zeiaeig xear cicn zecicn ly leaby epi`x - ziy`x - dgked

: n lkl .f ∈ L1 okle |f | ≤ g - oeieeyd-i` xnyp leaba mb

|fn − f | ≤ |fn|+ |f | ≤ 2g =⇒ 2g − |fn − f | ≥ 0

.Fatou ly dnla ynzydl ozip oxeary zeiaeig zeivwpet zxcq eplaiwe∫
2gdµ =

∫
lim
n

(2g − |fn − f |)dµ ≤ lim inf
n

∫
(2g − |fn − f |)dµ =

=
∫

2gdµ+ lim inf(−
∫
|fn − f |dµ) =

∫
2gdµ− lim sup

∫
|fn − f |dµ

:lawle iteq `ed ik mitb`d ipyn
∫

2gdµ xqgl ozip

lim sup
∫
|fn − f |dµ ≤ 0

� .qt`l qpkzdl dgxken `id okle miiaeig mixtqn zxcq ef ipy cvn

lkly miiwzn µ(E) = 0 mr E ∈ m lkl m` dnly z`xwp m dxabl`-σ e µ dcin (dnly dcin) 16 dxcbd
A ⊆ E ⇒ A ∈ m

µ(B\A) = mr zecicn A ⊆ E ⊆ B zeniiw oxear X ly E zeveawd izz lk sqe` zeidlm∗ z` xicbp m` 14 htyn
.dnly dcin lawp f` µ(E) = µ(A) xicbp m`e ,dxabl`-σ `id m∗ f` 0
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.µ-znlyd z`xwp m∗ lr µ .m ly µ-znlyd z`xwp l''pd m∗ 2 dxrd

µ(B \ A) = 0 = µ(B′ \ A′) ,A ⊆ E ⊆ B ,A′ ⊆ E ⊆ B′ yiy gipp :ahid zxcben µ y d`xp ziy`x - dgked

:ik lw df la` µ(A) = µ(A′) ze`xdl dvxp f`

A \A′ ⊆ E \A′ ⊆ B′ \A′

okle µ(A′ \A) = 0 mb dixhniq inrhne µ(A \A′) = 0 okle

µ(A) = µ(A \A′) + µ(A ∩A′) = µ(A ∩A′) = µ(A′ ∩A) + µ(A′ \A) = µ(A′)

Bc ⊆ Ec ⊆ Ac f` A ⊆ E ⊆ B y gipp :dipn ipa micegi`e milynl zexibq ze`xdl ic okl .m ⊆ m∗ y xexa

.Ec ∈ m∗ okle µ(Ac \Bc) = µ(B \A) = 0 :miiwzne

:y miiwzne
⋃
An ⊆

⋃
En ⊆

⋃
Bn f` An ⊆ En ⊆ Bn m`

µ(
⋃
Bn \

⋃
An) = µ(

⋃
(Bn \ (

⋃
An))) ≤ µ(

⋃
(Bn \An)) ≤

∑
µ(Bn \An) = 0

,zebefa zexf En xy`k An ⊆ En ⊆ Bn gwip ,zeiaihic`-σ ze`xdl icy xexa :efd dxcbdl qgia dcin µ y d`xp

� µ(
⋃
En) = µ(

⋃
An) =

∑
µ(An) =

∑
µ(En) okle zebefa zexf An mb f`

hrnk zxcben `idy xn`p f` ,qt` `ed dly milynd zciny dveaw lr zxcben f zakexn divwpet m` 17 dxcbd
xn`p f` f−1(U) ∩ E ∈ m :cicn dgezt lk ly xewnde E dcicn lr xnelk ,n.a.k zxcben divwpet m` .mewn lka

zeidl agxnd lk lr dly lxbhpi`d z` xicbpe f ∈ L1(X,µ) y xn`p f`
∫
E
|f |dµ < ∞ m` .X lr dcicn f y∫

X
fdµ =

∫
E
fdµ

xehd f`
∑∫

|fn|dµ < ∞ y zeniiwn X lr n.a.k zexcbend zecicn zeakexn zeivwpet zxcq fn m` 15 htyn
xexa zxg` fn ∈ L1(µ) lk gxkday al miyp) .

∫
fdµ =

∑∫
fdµ miiwzne n.a.k ziliaxbhpi` divwpetl qpkzn

(qpkzn `l mihlgend mikxrd ly milxbhpi`d xehy

zeveaw ly dipn oa cegi`) µ(Sc) = 0 y xexa f` .zeivwpetd ly minegzd jezig zeidl S z` xicbp - dgked

:xicbp .(qt` dcinn

ϕ(x) =
∞∑
n=1

|fn|

: y divxbhpi`e dnikq xcq ztlgd lr htyndn mircei epgp` f` .∫
ϕdµ =

∑∫
|fn|dµ <∞ =⇒ ϕ ∈ L1

dilr dveawd zeidl E = ϕ−1((−∞,∞)) z` xicbp .(xcazn did lxbhpi`d zxg`) mewn lka hrnk ziteq ϕ okle

lk mbe |f | ≤ ϕ s`e ahid zxcben f my okle ,qpkzn hlgda okle hlgda qpkzn
∑
fn y miiwzn E lr f` .ziteq ϕ

xeh `ed dly lxbhpi`dye ziliaxbhpi` f y raep zhlypd zeqpkzdd htynn okle ϕ i''r mihlyp miiwlgd minekqd

� .milxbhpi`d

E lr n.a.k f = 0 f`
∫
E
fdµ = 0 m` ,f : X → [0,∞] xear • 2 dprh

X lr n.a.k f = 0 f` E ∈ m lkl
∫
E
fdµ = 0 m` f ∈ L1(µ) xear •

n.a.k αf = |f | y jk dreaw α yi f` |
∫
X
fdµ| =

∫
X
|f |dµ m` f ∈ L1(µ) xear •

mb okle .
∫
E
fdµ ≥ 1

nµ(An) > 0 zxg` n lkl µ(An) = 0 f` An = {x ∈ E|f(x) ≥ 1
n} xicbp • - dgked

.el dvegn zqt`zne my wx ziaeig f e µ(
⋃
An) = 0

lre E l uegn zqt`zn u+ f` E = {x ∈ X|u(x) ≥ 0} xicbp .u+ lr lynl lkzqpe f = u + iv a opeazp •
u = 0 y raep oey`xd sirqdn okle 0 =

∫
E
udµ =

∫
E
u+dµ iynnd wlgd mb okle

∫
E
fdµ = 0 y miiwzn E

u−, v± xear l''pk .X lr n.a.k zqt`zn okle E lr n.a.k
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: f` α
∫
X
fdµ = |

∫
X
fdµ| dxear ef zeidl α z` xicbp •∫

X

|f |dµ = |
∫
X

fdµ| = α

∫
X

fdµ =
∫
X

αfdµ =
∫
X

<(αf)dµ+ i

∫
X

=(αf)dµ

<(αf) ≤ |αf | = |f | y oeeikn
∫
X
<(αf) − |f |dµ = 0 y lawpe oini cv mb f` iynn l`ny cvy oeeikn

oeieey-i` didi) ziynn dpi` αf m` okzii `l oeieeyd xy`k .n.a.k |f | = <(αf) y oey`xd sirqd itl lawp

|f | = αf eplaiw okle (dfk dxwna wfg

�

µ(E) > 0 mr E ∈ m lkl dxear akexnd xeyina S dxebq dveaw yi m` ,ziteq dcinn agxn xear 16 htyn
n.a.k f(x) ∈ S f` AE(f) = 1

µ(E)

∫
E
fdµ ∈ S y miiwzn

xyt` xeck lke migezt mixeck ly dipn oa cegi`k dbivdl ozip okle dgezt dznilyn f` dxebq S m` - dgked

.mixebq mixeck ly zexewn ly dipn oa cegi`k bivdl ozip f−1(Sc) z` okl .mixebq mixeck ly dipn oa cegi`k bivdl

S ly milyna r qeicxa α fkxn mr xebq xeck yiy dlilya gipp .qt` dcinn mdn cg` lk ly xewndy ze`xdl ic

( xewnd z` E = f−1(B(α, r)) a onqp) :y miiwzn f` µ(f−1(B(α, r)) > 0 mr

|AE(f)− α)| = | 1
µ(E)

∫
E

fdµ− α| = | 1
µ(E)

(
∫
E

fdµ−
∫
E

αdµ| =

= | 1
µ(E)

∫
E

(f − α)dµ| ≤ 1
µ(E)

∫
E

rdµ = r

� .ziaeig dcin yi xeckd xewnly okzii `l okle .xecka zeidl dleki `l okle AE(f) ∈ S ik okzii `l df la`

iteq xtqna wx `vnp x ∈ X lk hrnk f`
∑
µ(En) < ∞ mr En zecicn zxcq yie ziaeig dcin µ m` 17 htyn

.miEn d jezn

:la` .g(x) =∞ mxear mix d zcin z` miytgn epgp` f` .g(x) =
∑
χEn xicbp - dgked∫

|g(x)|dµ =
∑∫

χEn
dµ =

∑
µ(En) <∞

miEn dn seqpi`a mi`vnpy mixai`d zcin - xnelk .ziaeig dcinn dveaw lr seqpi` lawl leki `l okle g ∈ L1 okle

� .qt` `id

jnez mr X lr zetivxd zeakexnd zeivwpetd agxn z` Cc(X) a onqp X ibeleteh agxn xear (Cc(X)) 18 dxcbd
ihwtnew

f ∈ Cc(X) lkl m` iaeig `edy xn`p Cc(X) lr Λ ix`pil lpeivwpet xear (iaeig ix`pil lpeivwpet) 19 dxcbd
Λf ≥ 0 miiwzn f ≥ 0 - ziaeig ziynn `idy

y miiwzn E ∈ m lkl m` zinipt zixlebx `xwz µ dcin (zinipt zeixlebx) 20 dxcbd

µ(E) = sup {µ(K)|K ⊆ E,Kis compact}

y miiwzn E ∈ m lkl m` zipevig zixlebx `xwz µ dcin (zipevig zeixlebx) 21 dxcbd

µ(E) = inf {µ(U)|E ⊆ U,U is open}

zipevig zixlebx mbe zinipt zixlebx `id m` zixlebx `xwz dcin (zeixlebx) 22 dxcbd

-σ e zinewn-ihwtnew sexcqe`d ibeleteh agxn X idi (ihwtnew-σ agxna - Riesz ly dbvdd htyn) 18 htyn
:f ∈ Cc(X) lkly zniiwnd X lr dcigi zixlebx lxea zcin zniiw f` Cc(X) lr iaeig ix`pil lpeivwpet Λ e ihwtnew∫

fdµ = Λf
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∀x ∈ K : f(x) = 1 e 0 ≤ f ≤ 1 zniiwn f ∈ Cc(X) zihwtnew K m` (divwpetl dtetk dveaw) 23 dxcbd
.v l dtetk f y xn`pe f ≺ V onqp ∀x ∈ V c : f(x) = 0 e dgezt V m` ,f l dtetk K y xn`pe K ≺ f onqp

K ≺ f ≺ V yi f` zihwtnew K ⊂ U e dgezt U ,zinewn ihwtnew sexcqe`d X m` (Urysohn ly dnld) 2 dnl

jk hi ≺ Ui zeivwpet yi f` K ⊆ U1 ∪ . . . ∪ Un e zegezt U1 . . . Un ,zinewn ihwtnew sxecqe`d X m` 19 htyn
.K lr h1 + . . .+ hn = 1 y

:ze`ad zepekzd mr ϕ : P(X)→ [0,∞] divwpet `id zipevig dcin (zipevig dcin) 24 dxcbd

ϕ(∅) = 0 •

A ⊆ B ⇒ µ(A) ≤ µ(B) - zeipehepen •

µ(
⋃
An) ≤

∑
µ(An) miiwzn (zexf `weec e`l) {An} zeveaw zxcq lkl - zeiaihic`-zz •

iaeig ix`pil lpeivwpet Λ ,zinewn ihwtnew sxecqe`d X idi (illk geqipa Riesz ly dbvdd htyn) 20 htyn
zniiwnd m lr µ dcigi dnly ziaeig dcine ,lxea zeveaw lk z` dliknd X lr m dxabl`-σ zniiw f` ,Cc(X) lr

:mi`ad mi`pzd z`

f ∈ Cc(X) lkl Λf =
∫
fdµ •

zihwtnew K lkl µ(K) <∞ •

zipevig zixlebx µ •

.dgezt e` ziteq dcin mr E lkl µ(E) = sup {µ(K)|K ⊆ E,Kis compact} •

,zeihwtnew lr zedcfn ody d`xp m` .htynd i`pz z` zeniiwnd µ1, µ2 zecin izy yiy gipp :zecigi • - dgked

lk lr dpdcfz ody lawp zipevig zeixlebxne ,zegeztd lk lr dpdcfz od zegezt xear zinipt zeixlebxn f`

mr dgezt K ⊆ V yi ,zipevig zeixlebxne ,ziteq dzciny oeeikn f` ,zihwtnew K idz .zecicnd zeveawd

:f`e K ≺ f ≺ V oeqixe` ly dnldn gwip µ2(V \K) < ε)

µ1(K) =
∫
X

χKdµ1 ≤
∫
X

fdµ1 = Λf =
∫
X

fdµ2 ≤
∫
X

χV dµ2 = µ2(V ) ≤ µ2(K) + ε

µ1(K) = µ2(K) okle µ2(K) ≤ µ1(K) mb dixhniq inrhn .µ1(K) ≤ µ2(K) okle ε lkl z`fe

U xear .zipevig dcin `idy d`xpe X ly zeveawd izz lk lr µ ziy`x xicbp :dxabl`-σde dcind zxcbd •
:xicbp dgezt

µ(U) = sup
f≺U

Λf

:zipevig zeixlebx miiwzzy jk dveaw lkl xicbp zrke

µ(E) = inf
E⊆U

µ(U)

z` zrk xicbp .oxear dpey`xd mr zcklzn dipyd dxcbdd okle zegezt xear zipehepen dcindy ze`xl lw

.µ(E) = supK⊆E µ(K) - zinipt zeixlebx zniiwzne µ(E) < ∞ oxear zeveawd zz lk sqe` zeidl mF

:zeidl m dxabl`-σ d z` xicbp seqale

m = {E ⊆ X ; E ∩K ∈ mF zihwtnew K lkl }

:zeiaihic`-zz ze`xdl ic okle µ(∅) = 0 y dxcbddn xexae zipehepen µ y epi`x :zipevig dcin `id µ •
oeqixe` ly dnldn dpwqndn okle g ∈ Cc(X) f` g ≺ V1 ∪ V2 gwip :V1, V2 zegezt bef xear ziy`x d`xp

,h1g ≺ V1 y gkeedl lw mbe (h1 + h2)g = g okle supp(g) lr h1 + h2 = 1 y jk h2 ≺ V2 ,h1 ≺ V1 yi

:okle h2g ≺ V2

Λg = Λ((h1 + h2)g) = Λ(h1g) + Λ(h2g) ≤ µ(V1) + µ(V2)

y lawp mig d lk lr menixteq gwip m`e

µ(V1 + V2) ≤ µ(V1) + µ(V2)

.zegezt ly iteq xtqn lkl mb oekp df divwecpi`a okle
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lthp .xexa df f` µ(Ei) = ∞ zeveawd zg`l m` :{Ei} ∈ P(X) zeveaw ly edylk sqe` xear d`xp zrk

µ(Vi) − µ(Ei) ≤ ε2−i y jk dgezt Ei ⊆ Vi gwip zg` lkle ε > 0 xgap - ziteq dcinn oleky dxwna

okle ihwtnewe supp(g) ⊆ V f` g ≺ V efi` gwip :µ(V ) ≤
∑
i µ(Ei) + ε d`xpe V =

⋃
Vi onqp .µ zxcbdn

:okle {Vi}ni=1 :iteq ieqik zz yi

Λg ≤ µ(
n⋃
i=1

Vi) ≤
n∑
i=1

µ(Vi) ≤
∞∑
i=1

µ(Ei) + ε

okle oeieeyd i` z` xnyp V l mitetkd mig d lk lr menixteq gwipyk mb

µ(
⋃
Ei) ≤ µ(V ) ≤

∞∑
i=1

µ(Ei) + ε

.zeiaihic`-zz epi`xd okle ε > 0 lkl z`fe

...mialy `ln cer yi •

Lp iagxn

:miiwzn p, (1− p) xenw sexiv lkl m` dxenw `xwz f : (a, b)→ R (dxenw divwpet) 25 dxcbd

f(px+ (1− p)y) ≤ pf(x) + (1− p)f(y)

: miiwzn a < s < t < u < b lkl m''n` dxenw f 3 dxrd

f(t)− f(s)
t− s

≤ f(u)− f(t)
u− t
.dler zipehepen f ′ m''n` dxenw `id f` dxifb f m`e

a < f < b a dikxry ziynn f ∈ L1(Ω, µ) e µ(Ω) = 1 dcinn dcin agxn Ω m` (Jensen oeieey i`) 21 htyn
:if` dxenw ϕ : (a, b)→ R m`e (±∞ mb zeidl mileki a, b xy`k)

ϕ(
∫

Ω

fdµ) ≤
∫

Ω

ϕ ◦ fdµ

:mb onqp .t ∈ (a, b) y ze`xl lw f` 1 `id agxnd zciny oeeikn .t =
∫
fdµ onqp - dgked

β = sup
s∈(a,t)

ϕ(t)− ϕ(s)
t− s

:miiwzn s ∈ (a, t) lkly xexa f`
ϕ(t)− ϕ(s)

t− s
≤ β

u ∈ (t, b) lkly miiwzn zexinwne

β ≤ ϕ(u)− ϕ(t)
u− t
:y miiwzn s ∈ (a, b) lkly lawp ze`vezd z` alyp m`e

ϕ(s) ≥ ϕ(t) + β(s− t)

lawpe s = f(x) aivp

(ϕ ◦ f)(x) ≥ ϕ(
∫
fdµ) + β(f(x)− t)

: (
∫
tdµ = t =

∫
fdµ y xekfp) lawpe Ω lk lr mitb`d ipyl divxbhpi` rvap∫

(ϕ ◦ f)dµ− ϕ(
∫
fdµ) + β(

∫
fdµ−

∫
fdµ) ≥= 0

xnelk∫
(ϕ ◦ f)dµ ≥ ϕ(

∫
fdµ)

�
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1
p + 1

q = 1 miiwzn m` micenv mihppetqw` md p, q ∈ N y xn`p (micenv mihppetqw`) 26 dxcbd

:f` zecicn f, g : X → [0,∞] e 1 < p <∞ xy`k ,micenv mihppetqw` p, q m` (Hölder oeieey i`) 22 htyn∫
(fg)dµ ≤ (

∫
fpdµ)1/p(

∫
gqdµ)1/q

zxg` .zil`ieixh miiwzn oeieeyd i` f` qt`zn l`ny cv m` .B = (
∫
gqdµ)1/q ,A = (

∫
fpdµ)1/p onqp - dgked

,zil`ieixh miiwzn oeieeyd i` f` seqpi` `ed A,B oian cg` m` .A,B 6= 0 okle odn zg` lk mb okle n.a.k fg > 0
,f = f/A xicbp xnelk) A = B = 1 gipdle l''pd zenxepa wlgl xyt` okl .miiteq mdy dxwnl gikedl ic f`

:y jk s(x), t(x) zrk xicbp f(x), g(x) 6= 0 eay mewn lka .(g = g/B

f(x) = es(x)/p g(x) = et(x)/q

:lawp hppetqw`d zexinwn

es/p+t/q ≤ 1
p
es +

1
q
et

:dxfg aivp m`e

f(x)g(x) ≤ 1
p
f(x)p +

1
q
g(x)q

:ozz mitb`d ipy lr divxbhpi` okl .mewn lka okle g(x) = 0 e` f(x) = 0 xy`k mb oekp dfe∫
(fg)dµ ≤ 1

p

∫
fpdµ+

1
q

∫
gqdµ =

1
p

+
1
q

= 1

�

1 < p <∞ lkl miiwzn zecicn f, g : X → [0,∞] xear (Minkowski oeieey i`) 23 htyn(∫
(f + g)pdµ

)1/p

≤
(∫

fpdµ

)1/p

+ (
∫
gpdµ)1/p

ipyy gipp okl ,seqpi` `ed oini sb` m` oke ,il`ieixh ote`a miiwzn oeieeyd i` ,qt`zn l`ny sb` m` - dgked

y miiwzn t 7→ tp zexinwn ,df dxwna .mixew `l mixacd

(
1
2
f +

1
2
g)p ≤ 1

2
fp +

1
2
gp

:miwlg ipyl divwpetd z` wxtp .iteq l`ny cva lxbhpi`d mb f` iteq oini cva lxbhpi`d m` okl

(f + g)p = f(f + g)p−1 + g(f + g)p−1

:(p l cenvd hppetqw`d zeidl q z` xicbp) lawle Hölder oeieey i`a ynzydl ozip miwlgdn cg` lka∫
f(f + g)p−1dµ ≤ (

∫
fpdµ)1/p(

∫
(f + g)(p−1)qdµ)1/q

∫
g(f + g)p−1dµ ≤ (

∫
gpdµ)1/p(

∫
(f + g)(p−1)qdµ)1/q

: (p− 1)q = p y al miype ze`vezd izy z` zrk xagp∫
(f + g)pdµ ≤

[
(
∫
fpdµ)1/p + (

∫
gpdµ)1/p

]
(
∫

(f + g)pdµ)1/q

z` l`ny cva lawle mitb`d ipy z` ea wlgl ozip okle 0 <
∫

(f + g)p < ∞ eay dxwna epgp`y epgpd

� .epivxy enk (
∫

(f + g)pdµ)1−1/q = (
∫

(f + g)pdµ)1/p
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f : X → C lkl xicbp X dcin agxna (p-znxep) 27 dxcbd

‖f‖p = (
∫
|f |pdµ)

1
p

n.a.k zexcbend zecicnd zeakexnd zeivwpetd lk agxn zeidl Lp(X,µ) agxnd z` xicbp (Lp-agxnd) 28 dxcbd
.ziteq p-znxep mr X lr

ody xehdy (an)n∈X mixtqn zexcq od Lp(X,µ) ixai` f` ,dipnd zcin eilr zxcbene ,dipn oa X xy`k 4 dxrd
p-zwfgae hlgda qpkzn zexicbn

‖(an)‖p = (
∞∑
n=1

|an|p)1/p

:zeidl dly ixwird menixteqd z` xicbp g : X → [0,∞] xear (seqpi`-znxep / ixwird menixteqd) 29 dxcbd

ess.sup(g) = inf
{
M ∈ R ; µ(g−1((M,∞])) = 0

}
:l lewy dfy al miyl i`ck .dwix dveawd m` ess.supg =∞ xicbpe

ess.sup(g) = sup {M ∈ R ; ∃Y ⊆ X,µ(Y ) > 0,∀x ∈ Y (f(x) ≥M)}

:xicbp f : X → C lkl zrk

‖f‖∞ = ess.sup|f |

n.a.k zexcbend zecicnd zeakexnd zeivwpetd lk agxn zeidl L∞(X,µ) agxnd z` xicbp (L∞-agxnd) 30 dxcbd
.zixwir-zeneqg zeivwpet ze`xwp el` zeivwpet .ziteq ∞-znxep mr X lr

ok lr xzie fg ∈ L1 f` f ∈ Lq ,g ∈ Lp ,micenv mihppetqw` p, q m` 3 dprh

‖fg‖1 ≤ ‖f‖p ‖g‖q

n.a.ky oeeikn ,f`e p = ∞ y k''da gipp p, q = 1,∞ xear .xcld oeieey-i`n iciin df miiteq p, q xear - dgked

|f | ≤ ‖f‖∞∫
|fg|dµ ≤ ‖f‖∞

∫
|g|dµ = ‖f‖∞ ‖g‖1

�

:ok lr xzie f, g ∈ Lp ⇒ f + g ∈ Lp m` (ixehwe agxn `ed Lp) 4 dprh

‖f + g‖p ≤ ‖f‖p + ‖g‖p

:mr αf ∈ Lp y miiwzn α ∈ C lkl sqepae

‖αf‖p = |α| ‖f‖p

jkn raep df p =∞ xeare ,yleynd oeieey i` df p = 1 xear ,iwqaewpin htyn heyt df iteq p 6= 1 xear - dgked

|f+g| > ess.sup|f |+ess.sup|g| day dveaw ly dcind okle |f+g| ≤ |f |+|g| ≤ ess.sup|f |+ess.sup|g| n.a.ky
-xteqde lxbhpi`d zxcbdn xexa - xlwqa ltk xear .ess.sup|f+g| ≤ ess.sup|f |+ess.sup|g| gxkda okle qt` `id

� .ixwird meni

zewlgn agxn z` xicbpe f ∼ g ⇔ f = g(mewn lka hrnk) i''r Lp lr zeliwy qgi xicbp (Lp iagxn) 31 dxcbd
.dnxep `id ‖·‖p eilry ixehwe agxn mb edf .Lp(X,µ) = Lp(X,µ)/ ∼ zeliwyd
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.mly ixhn agxn `ed Lp 1 ≤ p ≤ ∞ lkl (Lp zenly) 24 htyn

dxear iyew zxcq ly dxcq zz gwip .iteq p xear ziy`x gikep .Lp a iyew zxcq (fn)∞n=1 idz - dgked∥∥fnk+1 − fnk

∥∥
p
≤ 2−k

:xicbpe

g1 = fn1 ; gN =
N∑
k=1

|fnk+1 − fnk
| ; g =

∞∑
k=1

|fnk+1 − fnk
|

:y ozi Lp a n.y.`

‖gn‖p ≤
N∑
k=1

∥∥fnk+1 − fnk

∥∥
p
≤
∑

2−k = 1

:eh`t ly dnla eiykr ynzydl dvxp∫
gpdµ =

∫
(lim inf gn)pdµ =

∫
(lim inf(gpn))dµ ≤ lim inf

∫
gpndµ ≤ 1

:xehd n.a.k xnelk ,n.a.k ziteq hxta `id okle ‖g‖p ≤ 1 mb okle

f(x) = fn1(x) +
∞∑
k=1

(fnk+1(x)− fnk
(x)) = lim

k→∞
fnk

Lp a `id l''pd f y ze`xdl jixv zrk .(itewqlh xehd ik `ed oexg`d oeieeyd) qpkzn hlgda okle hlgda qpkzn

:eh`t ly dnla ynzyp df liaya :Lp a zeqpkzd yiye∫
|f − fm|pdµ =

∫
lim inf
k→∞

|fnk
− fm|pdµ ≤ lim inf

k→∞

∫
|fnk
− fm|pdµ

m→∞−→ 0

∫
|fnk
− fm|pdµ < ε y miiwzn nk,m > N lkly jk N yi ε > 0 lkl xnelk .iyew i`pzn `id qt`l dti`yd

f − fm ∈ Lp miiwzn m lkl - sqepae .Lp a zeqpkzd yi okle .‖f − fm‖p ≤ εp okle .
∫
|f − fm|pdµ < ε mb okle

f ∈ Lp mb okle

:a odly ixwird menixteqd lrn zeler |fk|, |fn − fm| oday zeveawd z` onqp .p =∞ xear gikep zrk

Ak = {x; |fk(x)| ≥ ‖fk‖∞}

Bm,n = {x; |fn(x)− fm(x)| ≥ ‖fn − fm‖∞}

lk Ec lr f` E =
⋃
Ak ∪

⋃
Bm,n onqp ,qt` dcinn ocegi` mb okle qt` dcinn od elld zeveawd lky oaenk

idef okle ,qt`l zt`eyy dxcq i''r deey dcina mineqg odly miyxtdd mbe ,odly dnxepd i''r zeneqg zeivwpetd

dcina iyew zxcq) .dneqg divwpetl deey dcina zqpkzn `id okle ,zeneqg zeivwpet ly deey-dcina iyew zxcq

lk (.meqg hxtae f1 + 1 oial f1 − 1 oia meqg leabdy dlbp ,lynl ε = 1 gwip m`e ,deey dcina zqpkzn deey

ik dnxepa zeqpkzd yie .(mqgdn ohw ixwird menixteqd ik) L∞ a `id dneqg divwpet

‖fn − f‖∞ ≤ sup
x∈X
|fn − f | → 0

�

yi dnxepa zqpkzn dxcq lkly d`xn efd dgkedd la` ,zizcewp zeqpkzd zxxeb `l dnxepa zeqpkzd k''ca 5 dxrd
zizcewp zqpkzny dxcq-zz

mr s zecicnd zeheytd zeivwpetd sqe` (iteq jnez mr zeheytd zeivwpetd zetitv) 25 htyn

µ({x; s(x) 6= 0}) <∞

(S a oneqi df sqe`) .iteq 1 ≤ p <∞ lkl Lp a setv
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f∗ = y miiwzn zakexn f = u + iv divwpet xear f`e zeiynn zeiaeig zeivwpet xear dligz gikep - dgked

xyt` m`e u±, v± ∈ Lp mby raep |u±| ≤ |u| y oeeikne u, v ∈ Lp mb okle |f | = |f∗| y oeeikn u − iv ∈ Lp

idz f` .f z` axwle zeheyt ly dni`znd zix`pild divpianewd z` zgwl xyt` f` zeheyt ici lr oze` axwl

aiig dly jnezl okle sn ∈ Lp okle .dhnln zizcewp sn → f zeheyt zxcq yiy mcew htyna epi`x ,f ≥ 0 ∈ Lp
xyt` okle |f − sn|p ≤ |f |p mb okle |f − sn| ≤ |f | y al miyp .(seqpi` did lxbhpi`d zxg`) ziteq dcin zeidl

:lawle zhlypd zeqpkzdd htyna ynzydl

lim
∫
|f − sn|pdµ =

∫
lim |f − sn|pdµ =

∫
0dµ = 0

� .Lp a sn → f okle

zpzepy ,eilr ziaeig zixlebx lxea zcin µ e ,zinewn ihwtnew sxecqe`d agxn X idi (Lusin htyn) 26 htyn
yi ε > 0 lkle A ziteq dcinn dveawl uegn zqt`znd dcicn f : X → C lkl if` ,zeihwtnewl ziteq dcin

sup |g| ≤ sup |f | y jk g z` xegal ozip - sqepa .ε dcinn dveawl ile` hxt f mr zcklzny dtivx g ∈ Cc(X)

.jk xg` lilkpe ,zihwtnew A e ziaeig dneqg 0 ≤ f < 1 xear dligz gikep - dgked

jk dxcq epipa efk dxcq ly meiwd zgkeda .dhnln zizcewp f l zeqpkznd sn zeheyt zeivwpet ly dxcq gwip

:zeniiwn zeawer zeivwpet izy lky

tn := sn − sn−1 = 2−nχTn

:y jk .t1 = s1 y xicbpe tn a miyxtdd zxcq z` epniq .dcicn Tn mr

∞∑
n=1

tn(x) = f(x) oke 2ntn = χTn

.zihwtnew V̄ e dgezt V y jk A ⊆ V ⊆ V̄ zeniiw okle zinewn ihwtnew sxecqe`d agxna zihwtnew A y epgpd

yiy ze`xl lw dcind zeixlebxn okle ,ziteq dcinn okle Tn ⊆ A n lkl

Kn ⊆ Tn ⊆ Vn ⊆ V

lawl ozip oeqixe` ly dnld zxfra .µ(Vn \Kn) ≤ 2−nε odly yxtdd zciny dlrnln dgezte dhnln zihwtnew

: onqp .f ly mb okle tn ly aeh aexiw ody orhp ,Kn ≺ hn ≺ Vn zetivx zeivwpet

g(x) =
∞∑
n=1

2−nhn

.dtivx g l mb `id zeqpkzdd okle agxnd lk lr y''na qpkzn xehdy ze`xl lw q`xhyxiie ly M-Test d itl ,lynl

zecklzd yi Vn \Kn dveawl hxt .supp(g) ⊆ V̄ ⇒ g ∈ Cc(X) mb f` Vn ⊆ V̄ l uegn qt`zn hn lky oeeikn

- e
⋃

(Vn \Kn) l hxt agxnd lk lr g(x) = f(x) okle 2−nhn = 2−nχTn = tn

µ(
∞⋃
n=1

(Vn \Kn)) ≤
∞∑
n=1

µ(Vn \Kn) ≤
∞∑
n=1

2−nε = ε

.yxcpk

l''wd `idy g d z` zgwle mineqg miiaeig f ly l''wk dbivdl xyt` idylk dneqg zakexn f xear - zrk

dly milyndye dneqg f dilry dveaw zgwl xyt` dneqg dpi`y zakexn f xear .mini`znd mig d ly dni`znd

: ik ε dcinn

µ(
∞⋂
n=1

{x : f(x) > n}) = µ(∅) = 0

.(ziteq dcinn `idy A a zelken l''pd zeveawd lk la` ,zeiteq ody yexcl jixv zecind zeqpkzdl)

µ(A\K) ≤ ε y jk zihwtnewK ⊆ A efi` zeixlebxn zgwl xyt` ,zihwtnew gxkda dpi`y ziteq dcinn A xear

jxev oi` f` R = ∞ m` R = sup |f | a onqp - sup |g| ≤ sup |f | y jk g z` xegal xyt`y d`xp - meiqle

:xicbp zxg` ,g z` zepyl

ϕ(z) =
{

z |z| ≤ R
Rz
|z| R < |z|

dwqicl xeyind z` zetivxa dwizrn ϕ ik ,dneqge dtivx divwpet lawp g̃ = ϕ ◦ g gwip m` eiykry ze`xl lw

� .yxcpd z` zniiwn mb g̃ okle g = f oday zecewpd lka g z` dpyn `l `ide ,R qeicxa
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.n.a.k zizcewp gn → f zetivx zxcq `evnl xyt` - mi`pz mze`a 5 dpwqn

ly iteq xtqna wx `vnp x lk hrnk okle
∑
µEn = 1 <∞ f` .µ(En) ≤ 2−n mr Ecn lr gn = f gwip - dgked

� gn(x)→ f(x) zizcewp zeqpkzd yi x lkl hrnk xnelk - En ixai`

dcin zpzepy zixlebx dcin mr l''pk inewn ihwtnew sxecqe`d agxn xear (Lp(X,µ) a Cc(X) zetitv) 6 dpwqn
Lp(X,µ) a dtetv Cc(X) y miiwzn iteq 1 ≤ p <∞ lkl f` ,zeihwtnewl ziteq

.efk ly daiaq lka g ∈ Cc(X) `evnl ic okl ,Lp a zetetv ziteq dcinn jnez zelra zeheytdy epi`x - dgked

hxt dz` ddcfnd g lawle Lusin htyn z` lirtdl xyt` ziteq dcinn dveaw lr zknzpd dcicn dheyt s xear

:dnxepa mb daexw witqn efd g y d`xp .|g| ≤ sup |s| <∞ oke ε dcinn E dveawl ile`

‖g − s‖p = (
∫
X

|g − s|pdµ)
1
p = (

∫
E

|g − s|pdµ)
1
p ≤ (

∫
E

(2 sup |s|)pdµ)
1
p ≤ ε

1
p 2 sup |s|

� .eppevxk ohw okle

`id el`k ly zeqpkzd okle ‖f‖∞ = sup |f | mvra `id odilr dnxepd ik ,L∞ a zetetv opi` Cc(X) (L∞) 6 dxrd
aexw leabd okle ,iyew zxcq `id zqpkzn dxcq - hxta .dtivx divwpet cinz `ed leabd okle ,deey dcina zeqpkzd

|f | ≤ ε y jk zihwtnew yi ε lkl xnelk - zihwtnew dveawl uegn zqt`znd dxcqa zeivwpetd zg`l ε ick cr

.(''seqpi`a zqt`zn'' f xnelk) K l uegn

zeakexn zeivwpet zxcqy miiwzn µ(E) <∞ dcin mr X dcin agxna E dveawa m` (Egoroff htyn) 27 htyn
zeqpkzdd E \F lre µ(F ) ≤ ε mr F ⊆ E yi ε > 0 lkl :if` fn → f - mewn lka hrnk zizcewp zqpkzn zecicn

deey dcina `id

xicbp .(qt` dcinn dveaw wx ''ca`p''e Ẽ ⊆ E gwp zxg`) E lk lr `id zizcewpd zeqpkzddy k''da gipp - dgked

:leabdn 1
m qeicxa xecka `vnp dxcqd ly i-n d apfd dilr dveawd zeidl Emn z`

Emn =
∞⋂
i=n

{
x ∈ E ; |fi(x)− f(x)| ≤ 1

m

}
:m lkl xnelk ,En efi`l jiiy x lk ,zizcewpd zeqpkzdd llbae .zeveaw ly zcxei dxcq idef m lkl - dxcbdn f`

∞⋂
n=1

(E \ Emn ) = ∅

:m lkly wiqdl lkep ziteq dcinn E y oeeikne

µ(E \ Emn ) n→∞−→ 0

mr n(m) xegal lkep m lkl okl

µ(E \ Emn(m)) ≤ ε2
−m

z` eiykr xicbp

F =
∞⋃
m=1

(E \ Emn(m))

mr dcicn F ⊆ E eplaiw f`

µ(F ) ≤
∑

µ(Emn(m)) ≤ ε
∑

2−m = ε

miiwzn n > N lkly jk N = n(m) yi 1
m lkl ik deey dcina zeqpkzd yi E \ F =

⋂∞
m=1E

m
n(m) lre

E \ F ⊆ Emn(m) ⊆ E
m
n

� |fn(x)− f(x)| ≤ 1
m okle
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zeakexn zecin

oa sqe` zeidl E ∈ m dveaw ly dwelg xicbp ,m dxabl`-σ mr X cicn agxna (dveaw ly dwelg) 32 dxcbd⋃
Ei = E oxear {Ei}∞i=1 ∈ m zebefa zexf zeveaw ly dipn

xnelk ,ziaihic`-σ `idy µ : m → C dwzrd `id X cicn agxn lr µ zakexn dcin (zakexn dcin) 33 dxcbd
miiwzn zebefa zexf Ei lkl

µ(
∞⋃
i=1

Ei) =
∞∑
i=1

µ(Ei)

.ahid zxcben didz dcindy ick hlgda qpkzdl aiig xehdy al miype

.seqpi` mb zzl dleki ziaeig dcin ,zakexn dcin ly ihxt dxwn dpi` ziaeig dcin 7 dxrd

:i''r |µ| : m→ [0,∞) :dycg divwpet xicbp µ zakexn dcin ozpda (zil`hehd div`ixed) 34 dxcbd

|µ|(E) = sup
Ely dwelg{Ei}

∞∑
i=1

|µ(Ei)|

m lr ziaeig dcin `id |µ| ,µ zakexn dcin lkl (zil`hehd div`ixed zcin) 28 htyn

.E =
⋃
iEi ly dwelg mvra od f` ,zebefa zexf Ei gipp : zeiaihic`-σ d`xp .|µ|(∅) = 0 y xexa ,ziy`x - dgked

.mipeieey i` bef i''r oeieey d`xp

y jk Ei ly Ai,j dwelg zgwl xyt` δ > 0 lkl - cg` cvn∑
j

|µ(Ai,j)| > |µ|(Ei)− δ2−i

:miiwzn okle E ly dwelg od l''pd {Ai,j}∑
i

|µ(Ei)| − δ ≤
∑
i,j

|µ(Ai,j)| ≤ |µ|(E)

.oeieeyd i` xnyp δ → 0 leaba mbe

: f`e Ai,j = Aj ∩ Ei onqp E ly dwelg Aj lkl - ipy cvn∑
j

|µ(Aj)| =
∑
j

|
∑
i

µ(Ai,j)| ≤
∑
i,j

|µ(Ai,j)| =
∑
i

(
∑
j

|µ(Ai,j)|) ≤
∑
i

|µ|(Ei)

miiwzn dwelg lkl xnelk∑
j

|µ(Aj)| ≤
∑
i

|µ|(Ei)

okle zewelgd lk lr menixteq gwipyk mb xnyp oeieeyd i` okle

|µ|(E) ≤
∑
i

|µ|(Ei)

� .oeieey lawl icka mipeieeyd i` ipy z` alyp

.libxza z`f epgked .ziteq dcin idef - xnelk .dcicn dveaw lkl |µ|(E) <∞ 8 dxrd

.|µ(E)| ≤ |µ|(E) miiwzn E lkly xexa 9 dxrd

/ zeiynn zecin ze`xwp el`k zecin) miiynn mikxr wx zlawnd zakexn dcin xear (Jordan wexit) 35 dxcbd
:xicbp ( zepneqn zecin

µ+ =
1
2

(|µ|+ µ) , µ− =
1
2

(|µ| − µ)

wexitde .zeiaeig zeiynn zecin bef lawpe

µ = µ+ − µ−

wexit odl yi okle ,zeiynn u, v mr µ = u+ iv k bivdl ozip zakexn dcin lky oaenk .µ ly Jordan wexit `xwp

µ ly Jordan wexit `xwp df .zeiaeig zecin ly l''wk bivdl ozip µ z` okle Jordan
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λ� µ onqpe µ l qgia oihelgl dtivx λ y xn`p λ idylk dcine µ ziaeig dcin xear (oihelgl zetivx) 36 dxcbd
l qgia oihelgl dtivx `id m` λ� µ y xn`p zakexn µ xear µ(E) = 0⇒ λ(E) = 0 miiwzn dcicn E lkl m`

|µ|

dcicn E lkl m` A ∈ m dveaw lr zfkexn `idy xn`p λ ziaeig e` zakexn dcin xear (zfkexn dcin) 37 dxcbd
lewy mb dfe A z` zkzeg `ly E lkl λ(E) = 0 y jkl lewy dfy al miyl i`ck .λ(E) = λ(E ∩ A) y miiwzn

|λ|(X \A) = 0 y jkl

A lr zfkexn `id m` µ l qgia zixlebpiq λ y xn`p ,idylk dcin λ e ziaeig dcin µ xear (zeixlebpiq) 38 dxcbd
|µ| l qgia zixlebpiq `id m` µ l qgia zixlebpiq λ y xn`p zakexn dcin µ m` µ ⊥ λ onqpe µ(A) = 0 mr

lr zfkexn λ2 f` |λ2|(A) = 0 mr A lr zfkexn λ1 m` .fnxn oeniqdy enk iccd qgi zn`a df zeixlebpiq 10 dxrd
.λ1 l qgia zixlebpiq λ2 mb f`e |λ1|(Ac) = 0 e Ac

- f` λ1, λ2, λ zeakexn zecine µ ziaeig dcin xear (zeakexn zecin ly zeiqiqa zepekz) 5 dprh

|λ| mb f` A lr zfkexn λ m` •

λ1 ⊥ λ2 ⇒ |λ1| ⊥ |λ2| •

λ1, λ2 ⊥ µ⇒ λ1 + λ2 ⊥ µ •

λ1, λ2 � µ⇒ λ1 + λ2 � µ •

λ1 � µ⇒ |λ1| � µ •

λ1 ⊥ λ2 f` λ2 � µ e λ1 ⊥ µ m` •

λ ≡ 0 f` λ� µ e λ ⊥ µ m` •

xexa • - dgked

mcewd sirqdn xexa •

zefkexn zecind odilry zeveawd cegi` lr lkzqp ,xexa •

xexa ikd •

|λ|(E) = 0⇔ λ(E) = 0 •

λ2 l qgia zixlebpiq okle µ(A) = 0⇒ λ2(A) = 0 mr A lr zfkexn λ1 •

λ ≡ 0 m` wx ixyt` dfy xexae λ ⊥ λ raep mcewd sirqdn •⋃
En = X e µ(En) <∞ mr En dxcq yi m` ziteq-σ `xwz dcin (ziteq-σ dcin) 39 dxcbd

L1(X,µ) a 0 < W (x) < 1 dneqge ynn ziaeig divwpet yi iteq-σ dcin agxna 3 dnl

:xnelk .2−n 1
1+µ(En) zeidl En lr divwpetd z` xicbpe ,En ziteq dcinn zeveawa X ly ieqik gwip - dgked

Wn =
2−n

1 + µ(En)
χEn

W =
∑
n

Wn

cg`n ohw didi mekqd .iaeig cinz didiy zegtl cg` xai` lra didi mekqd okle miEnd zg`a zegtl `vnp x lk

: ik W ∈ L1 .
∑

2−n = 1 ik∫
|W |dµ =

∫
Wdµ ≤

∑
n

∫
En

Wndµ =
∑
n

2−n

1 + µ(En)
µ(En) ≤

∑
2−n = 1

�
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agxn `ed hxalid agxne ( Lp - lynl) C lrn mly inxep agxn `ed jpa agxn (hxalide jpa iagxn) 40 dxcbd
.(< f, g >=

∫
fḡdµ ziniptd dltknd mr L2 lynl) C lrn mly zinipt dltkn

xehwe yi H hxalid agxn lr L ∈ H∗ meqg ix`pil lpeivwpet lkl (envrl il`ec hrnk hxalid agxn) 4 dnl
:xnelk L = v̄ y jk v ∈ H cigi

∀x ∈ H : Lx =< x, v >

agxn zz M .el avipd agxnd z` M⊥ = {x ∈ H ; ∀y ∈ K :< x, y >= 0} - ae .M = kerL onqp - dgked

f` mixehwe ly zqpkzn dxcq xn → x m` f`e ,meqg lpeivwpetd ik ,xebq ixehwe

|Lx| = |Lxn − Lx| = |L(xn − x)| ≤ ‖L ‖xn − x‖ → 0‖

zxg` .yxcpd xehwed `ed v = 0 y xexa f` M = X m` .iteq ‖L‖ ik wx oekp dfe .x ∈ M okle Lx = 0 okle

xehwe lawp lhidd z` u n zigtp m` okle M a `vnp eilr u ly lhidd - xebq M y oeeikn .u ∈ M c dfi` yi

:k''g` epl xefriy xehxte` xicbp .‖z‖ = 1 y jk lnxpl xyt`y xexae z 6= 0 ∈M⊥

U(x) = (Lx)z − (Lz)x

U(x) ∈ M ⇒< U(x), z >= 0 xnelk L(U(x)) = L(x)L(z) − L(z)L(x) = 0 y miiwzn x lkly al miyp

- U zxfra L z` bivp eiykre

L(x) = L(x) < z, z > − < U(x), z >=< L(x)z − U(x), z >=< L(z)x, z >=< x, ¯L(z)z >

< x, v >=< x, v′ > miiwzn x lkl f` L = v̄ = v̄′ m` - dxexa zecigid .yxcpd xehwed `ed v = ¯L(z)z okle

� v = v′ - xnelk ‖v − v′‖ = 0 lawp x = v − v′ xear hxtae

z` wxtl ozip f` m lr zakexn dcin λ ,m lr ziteq-σ ziaeig dcin µ m` (bal ly wexitd htyn) 29 htyn
λa, λs mb jk f` ziteq ziaeig λ m`e .el` mi`pz zeniiwnd zecigid λa, λs e ,λa � µ e λs ⊥ µ y jk λ = λa + λs

λa � µ idze .m lr zakexn dcin λ ,m lr ziteq-σ ziaeig dcin µ m` (Radon-Nikodym htyn) 30 htyn
(λa(E) =

∫
E
hdµ E ∈ m lkl xnelk) dλa = hdµ y jk dcigi h ∈ L1(X,µ) yi f` λ ly bal wexitn

gipp - bal wexita zecigi d`xp ziy`x cgi mb mihtynd ipy zgked

λ = λa + λs = λ′a + λ′s

okle

µ ⊥ λs − λ′s = λa − λ′a � µ

.λs = λ′s,λa = λ′a okle qt`d zcin idef okle dil` qgia oihelgl dtivx mb ipy cvne µ l zavip cg` cvny dcin idefe

miwlgd ly miwexitd ly zix`pild divpianewd z` gwip zakexn dcin xear .ziteq ziaeig dcin λ y k''da gipp

xicbpe .dnldn zghaend 0 < W < 1 dneqg ziaeig W ∈ L1(µ) gwip .dly miililyde miiaeigd minecnde miiynnd

:dycg dcin

dϕ = dλ+Wdµ

dcin `id ν(E) =
∫
E
Wdµ dcicn ziaeig W lkly epi`x .ϕ(E) = λ(E) +

∫
E
Wdµ xicbp E ∈ m lkl xnelk

y zniiwnd dcin `ed zecind mekqy ze`xl lwe . dcicn f lkl
∫
fdν =

∫
fWdµ y zniiwnd∫

fdϕ =
∫
fdλ+

∫
fWdµ

lpeivwpet `ed f 7→
∫
fdλ y d`xpe - L2(ϕ) hxalidd agxna opeazp f` .ziteq ziaeig dcin `id eplaiwy dcind

:eilr meqg ix`pil

|
∫
fdλ| ≤

∫
|f |dλ =

∫
|f |dϕ−

∫
|f |Wdµ ≤

∫
|f | · 1dϕ

:uxeey iyew oeieey i`ne

=< f, 1 >=≤ ‖f‖2 ‖1‖2 = ‖f‖2 ϕ(X)
1
2

:y jk ḡ ∈ L2(ϕ) yi ,dnld itl ,okle ϕ(X)
1
2 <∞ xzeid lkl `id lpeivwpetd ly zixehxte`d dnxepd okl∫

fdλ =< f, ḡ >=
∫
fgdϕ
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:miiwzn ϕ(E) > 0 ziaeig dcin mr E ∈ m lkl

λ(E) =
∫
χEdλ =

∫
χEgdϕ =

∫
E

gdϕ

:okle ϕ(E) ≥ λ(E) y xexae

0 ≤ AE(g) =
1

ϕ(E)

∫
E

gdϕ =
λ(E)
ϕ(E)

≤ 1

md L2(ϕ) ixai`y xekfp m` .ϕ l qgia mewn lka hrnk g(x) ∈ [0, 1] y raep ,zeivwpet irvenn lr htynd itl okle

:idylk f l zrk xefgp .mewn lka ynn 0 ≤ g ≤ 1 zgwl heyt lkep n.a.k zedfy zeivwpet ly zeliwy zewlgn mvra∫
fdλ =< f, ḡ >=

∫
fgdϕ =

∫
fgdλ+

∫
fgWdµ

:d`eeynd z` lawpe

(1)

∫
f(1− g)dλ =

∫
fgWdµ

:zeveaw izyl agxnd z` eiykr wlgp

A = {x ; g(x) ∈ [0, 1)} , B = {x ; g(x) = 1}

:A = Bc lr zfkexn zeidl λa z`e B lr zfkexn zeidl λs z` xicbp zrk

λs(E) = λ(E ∩B)

λa(E) = λ(E ∩A)

:(g|B = 1 ik) lawp d`eeyna f = χB aivp m`e B lr zfkexn zeidl λs z` epxcbd :λs ⊥ µ y d`xp

0 =
∫
B

Wdµ

gwip - Radon-Nikodym htyn z`vez z` zrk d`xp .µ(B) = 0 gxkda okle mewn meya zqt`zn `l W la`

:e idylk E ∈ m
fn = χE(1 + g + g2 + . . .+ gn)

:itewqlh xeh lawp d`eeynd ly l`ny cva f`∫
E

(1− gn+1)dλ =
∫
E

g(1 + g + g2 + . . .+ gn)Wdµ

gn(x)→ 0 okle g(x) < 1 x ∈ A lkle 0 cinz `ed x ∈ B lkl ik χA l zipehepen qpkzn l`ny sb`a cpxbhpi`d

zeqpkzdd htyn itle .( zecicn ly sup k) dcicn idylk h efi`l zipehepen qpkzn oini sb`a cpxbhpi`d .zipehepen

:zipehepend∫
E

hdµ =
∫
E

χAdλ = λ(E ∩A) = λa(E)

� .
∫
E
hdµ = 0 f` µ(E) = 0 m` ik λa � µ y xexa mb o`kn .E a dielz dpi` h xy`k

m` - E ∈ m lkly jk δ > 0 yi ε > 0 lkl m` wxe m` λ � µ y miiwzn zakexn λ e ziaeig µ xear 6 dprh
|λ|(E) ≤ ε f` µ(E) ≤ δ

okle |λ|(E) ≤ ε miiwzn ε > 0 lkl okle δ > 0 lkl µ(E) ≤ δ f` µ(E) = 0 m` - xexa cg` cv - dgked

.λ(E) = 0
|λ|(E) > ε la` µ(En) ≤ 2−n mr En ∈ m yi δ = 2−n lkly jk ε > 0 miiwy dlilya gipp - ipyd oeeika

xicbp

An =
∞⋃
i=n

En

okle ziteq A1 ly dcind hxtae µ(An) ≤
∑
i = n∞2−n = 2−n+1 → 0 mr zeveaw ly zcxei dxcq eplaiw f`

µ(A =
⋂
An) = limµ(An) = 0

(ziteq `id zakexn dcin ly zilheh div`ixe ik) ziteq |λ|(A1) mb la` |λ|(An) ≥ |λ|(En) ≥ ε 9 0 ipy cvn

� λ� µ y okzii `l okle |λ|(A) = lim |λ|(An) 6= 0 okle
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mr h dcicn zakexn divwpet yi µ zakexn dcin lkl (zakexn dcin ly ix`letd wexitd) 31 htyn

∀x : |h(x)| = 1

:y jk

dµ = hd|µ|

|h| = 1 y d`xp .dµ = hd|µ| y jk h ∈ L1(|µ|) zghaen micewip-oecx htynn okle µ � |µ| - ziy`x - dgked

Ar = {x ; |h(x)| < r} onqp - n.a.k |h| ≥ 1 y d`xp ziy`x :mewn lka ynn |h| = 1 zgwl ozip okle |µ| l qgia n.a.k

:miiwzn Ar ly Ej dwelg lkl f`∑
j

|µ(Ej)| =
∑
j

|
∫
Ej

hd|µ|| ≤
∑
j

r|µ|(Ej) = r|µ|(Ar)

lawp oiicr menixteq gwip m` okle

|µ|(Ar) ≤ r|µ|(Ar)
.mewn lka hrnk |h(x)| ≥ 1 - xnelk - |µ|(Ar) = 0 y xxeb df 0 < r ≤ 1 lkl

:aygp |µ|(E) > 0 mr E ∈ m lkl - mirvennd htyn zxfra |h(x)| ≤ 1 y d`xp - ipyd oeeika

| 1
|µ|(E)

∫
E

hd‖µ| = |µ(E)|
|µ|(E)

≤ 1

qgia mewn lka hrnk |h| = 1 y eplaiw k''dq okl .n.a.k |h| ≤ 1 mb okle [−1, 1] rhwa h ly mirvennd lk - xnelk

� .mewn lka ynn |h| = 1 dxear L1(|µ|) a h ly zeliwyd zwlgna zxg` h xegal ozip okle |µ| l

d|λ| = |g|dµ if` dλ = gdµ e g ∈ L1(µ) e ziaeig dcin µ m` 7 dpwqn

gdµ = hd|λ| okl dλ = gdµ ipy cvn dλ = hd|λ| y jk |h| = 1 yi ix`letd wexitd htyn itl ,cg` cvn - dgked

h̄g ≥ 0 :miiwzn µ l qgia mewn lka hrnk okle zeiaeig zecin µ mbe |λ| mb la` .(h−1 = h̄ ik) d‖λ| = h̄gdµ okle

� h̄gdµ = |g|dµ okle mewn lka hrnk h̄g = |h̄g| = |g| okle

Rk lr bal zcin

:r > 0, x ∈ Rk lkl mixicbn f` Rk lr idylk zakexn dcin µ e Rk lr bal zcin `id m m` 41 dxcbd

Qr(µ)(x) =
µ(B(x, r))
m(B(x, r))

42 dxcbd
(Dµ)(x) = lim

r→0
Qr(µ)(x)

Mµ : X → [0,∞] :mixicbn Rk lr ziteq ziaeig dcin µ xear (zilniqwnd divwpetd) 43 dxcbd

(Mµ)(x) = sup
0<r<∞

Qr(µ)(x)

xicbdl xyt` f`e df = fdm dcind zxcben f ∈ L1(Rk) divwpet lkle Mµ := M |µ| mixicbn zakexn µ xeare

.ote` eze`a Mf

ly menixteqk dcicn `id Mµ mb okle ,dcicn divwpet `id Qr(µ) divwpetd µ ziteq ziaeig dcin lkl 7 dprh
(dipn za dveaw didzy ick miilpeivxd lr wx menixteq zgwl xyt`) zecicn

migezt mixeck ly iteq cegi` `idy dveaw yi m` (zixehpianew dnl) 5 dnl

W =
n⋃
i=1

B(xi, ri)

dxear S ⊆ {1 . . . n} mixeckd ly dveaw zz yi f`
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.zebefa mixf md i ∈ S lkl B(xi, ri) mixeckd •

W ⊆
⋃
i∈S B(xi, 3ri) •

m(W ) ≤ 3k
∑
i∈Sm(B(xi, ri)) •

xgap S a `ad xeckd z` .S l gwip xzeia lecbd xeckd z` .miqeicxd itl cxei xcqa mixeckd z` xcqp - dgked

jildzd - dxcqd lk lr xearl miiqpy cr jk jiynp .S a xaky mixeckdn cg` s` jzeg epi`y dxcqa oey`xd zeidl

ze`xl lw yleynd oeieey i`n .eze` jzeg `ede epxga oky epnn lecb xeck yi - epxga `ly xeck lkl zrk .iteq oaenk

ixnbl dqkn 3 it miqeicxd zlcbd okl .ohwd xeckd z` ixnbl dqki xak `ed 3 it lecbd xeckd qeicx z` licbp m`y

it dlecb oaenk mzciny ,xzei lecbd qeicxd ilra mixeckd ly zecind mekqn dphw W zciny xexa mb o`kn .W z`

� .miixewnd mixeckd zcinn 3k

: λ > 0 lkly miiwzn Rk lr µ zakexn dcin lkl 32 htyn

m({x ; (Mµ)(x) > λ}) ≤ 3k

λ
|µ|(Rk)

zrk .dxcbda Mµ = M |µ| ik lcad oi` htynd jxevl ,|µ| lr lkzqp zxg` ,ziaeig µ y gipp ziy`x - dgked

yi xnelk Mµ(x) > λ y miiwzn x ∈ K lkl f` .da zlkend K zihwtnew efi` gwipe {Mµ > λ} dveawa opeazp

exear B(x, r) - x aiaq xeck
µ(B(x, r))
m(B(x, r))

> λ

- xnelk

m(B(x, r)) <
1
λ
µ(B(x, r))

z` lirtdl ozip mixeck ly ziteqd dveawd lr .iteq ieqik zz mdl yi okle K l gezt ieqik mieedn l''pd mixeckd

:y jk zebefa mixf mixeck lawle dnld

m(K) ≤ 3k
∑
i

m(B(xi, ri)) ≤ 3k
1
λ

∑
i

µ(B(xi, ri)) ≤
3k

λ
µ(Rk)

lk lr menixteq zgwl lkep bal zcin zeixlebxn okl .zebefa mixf mixeckdy jkn raep oexg`d oeieeyd i` xy`k

� oeieeyd i` z` xnyle dveawa zelkend zeihwtnewd

lkly jk C > 0 iaeig reaw yi m` ylg-L1 a `id Rk lr f ziynn dcicn divwpety xn`p (ylg-L1) 44 dxcbd
miiwzn λ > 0

λm({x ; |f(x)| > λ}) < C

C = 3k|µ|(Rk) mr ylg-L1 a `id Mµ y miiwzn µ zakexn dcin lkl 8 dpwqn

ylg-L1 a `ed f ∈ L1(Rk lk (ylg-L1 ⊆ L1) 8 dprh

- dgked

λm({x ; |f(x)| > λ}) =
∫
{x ; |f(x)|>λ}

λdm ≤
∫
{x ; |f(x)|>λ}

|f |dm ≤
∫
X

|f |dm = ‖f‖1

:miiwzn f ∈ L1(Rk) lkl 9 dpwqn

λm({x ; Mf(x) > λ} ≤ 3k ‖f‖1

f i''r zxcbend dcind zavd ici lr htyndn iciin - dgked
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:miiwzn m` divwpetd ly bal zcewp `id x ∈ Rk dcewpy xn`p f ∈ L1(Rk) divwpet xear (bal zcewp) 45 dxcbd

lim
r→0

1
m(B(x, r))

∫
B(x,r)

|f − f(x)|dm = 0

|f − f(x)| < ε miiwzn ohw witqn rxear ik ,bal zcewp mb oaenk `id f ly zetivx zcewp lk 11 dxrd

f ly bal zcewp `id x ∈ Rk dcewp lk hrnk f` f ∈ L1(Rk) m` (bal zcewp `id dcewp lk hrnk) 33 htyn

:onqp - dgked

Trf(x) =
1

m(B(x, r)

∫
B(x,r)

|f − f(x)|dm

xicbpe

Tf(x) = lim sup
r→0

Trf(x)

zeivwpetdy epi`x . n.a.k qt`l deeye miiw leabdy wiqdl lkep f`e n.a.k Tf = 0 y ze`xdl ic okle Tr ≥ 0 f`

dxear g dtivx divwpet yi n lkl okle L1(Rn) a zetetv zetivxd

‖f − g‖1 ≤
1
n

:f` h = f − g onqp .bal zcewp `id dly dcewp lk okle dtivx `id ik Tg = 0 y oaenke

Trh(x) =
1

m(B(x, r))

∫
B(x,r)

|h− h(x)|dm ≤ 1
m(B(x, r))

∫
B(x,r)

|h|+ |h(x)|dm =

=
1

m(B(x, r))

∫
B(x,r)

|h|dm+ |h(x)| ≤Mh(x) + |h(x)|

:wiqdl xyt` yleynd oeieey i`n ,sqepa

Trf(x) =
1

m(B(x, r)

∫
B(x,r)

|(g + h)− (g(x) + h(x))|dm ≤ Trh(x) + Trg(x)

:lim supr→0 gwip m` mb okle

Tf(x) ≤ Th(x) + Tg(x) = Th(x) ≤Mh(x) + |h(x)|

t > 0 lkl okl

{Tf > 2t} ⊆ {Mh > t} ∪ {|h| > t}

:zencewd zeprhd itl okle h mb okle L1 a od f, g la`

m({Mh > t}) +m({|h| > t}) ≤ 1
t
3k ‖h‖1 +

1
t
‖h‖1 ≤

1
t

1
n

(1 + 3k) n→∞−→ 0

� m({Tf 6= 0}) = 0 okle m({Tf > t}) = 0 miiwzn t > 0 lkl okle

hrnky raep htyndn .dϕ = fdm y jk f ∈ L1 divwpet yi micewip oecx htynn f` ϕ� m dcin yi m` 12 dxrd
:miiwzn mewn lka

f(x) = lim
r→0

∫
B(x,r)

fdm

m(B(x, r))
= lim
r→0

ϕ(B(x, r))
m(B(x, r))

= Dϕ(x)

xnelk

Dϕ(x) = f(x)

.x lkl hrnk

yi m` x dcewpl dti zveekzn {Ei}∞i=1 lxea zeveaw zxcqy xn`p X ibeleteh agxna (dti zeveekzd) 46 dxcbd
:i lkly jk α > 0 reaw yi z`f lka la` Ei ⊆ B(x, ri) y jk B(x, ri) mixeck ly zcxei dxcq

m(Ei) ≥ αm(B(x, ri))

.dti zeveekzn od dil`y x dcewpd z` eliki zeveawdy jxev mey oi`y al miyp
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:miiwzn f` x l dti zveekznd Ei zeveaw zxcq yie f ly bal zcewp x e f ∈ L1(Rk) m` 9 dprh

f(x) = lim
r→0

1
m(Ei)

∫
Ei

fdm

:f`e dti zeveekzdn mighaend α e migezt mixeck gwip - dgked

1
m(Ei)

∫
Ei

fdm ≤ 1
αm(B(x, ri))

∫
B(x,ri)

fdm −→ 0

�

zcewp lka f` F (x) =
∫ x
−∞ fdm xicbpe f ∈ L1(R) m` (ilniqhipitpi`d oeaygd ly iceqid htynd) 34 htyn

F ′ = f zxfbpe dxifb F - mewn lka hrnk xnelk - f ly bal

:f`e oinin δi → x zecewp zxcq gwip :oinin ziccv cg zexifb d`xp - dgked

lim
i

1
δi

(F (x+ δi)− F (x)) =
1

m([x, x+ δi])

∫
[x,x+δi]

fdm = f(x)

zexifb mb ze`xdl xyt` ote` eze`a weica .x l dti zeveekzn [x, x+ δi] zeveawdy oeeikn zncewd dprhd itl z`fe

.dxifb divwpetd itpi`n dprh itl okle ,l`nyn

x dcewpa E ly zixhnd zetitvd z` xicbp x ∈ Rk dcewpe E ⊆ Rk dveaw ozpda (zixhn zetitv) 47 dxcbd
:zeidl

lim
r→0

m(E ∩B(x, r)
m(B(x, r)

.miiw leabd m` wx

agxnd ly wexit yi f` m lr (ziteq xnelk) ziynn dcin µ e cicn agxn X (Hahn ly wexitd htyn) 35 htyn
:xnelk .E ∈ m lkl µ−(E) = µ(E ∩B) e µ+(E) = µ(E ∩A) y jk A,B ∈ m zexf zecicn zeveaw izyl

dµ+ = χAdµ dµ− = −χBdµ

µ i''r dxyend X ly Hahn wexit `xwp dfd wexitd

xnelk ziynn h mb okle ziynn `id µ dcind .|h| = 1 xy`k dµ = hd|µ| :ix`letd wexitd lr htynd itl - dgked

e A = h−1(1) onqp .(mewn lka ziynn didzy jk ycgn xicbdl ozip okle |µ| l qgia mewn lka hrnk) .h = ±1
:f` 1

2 (1 + h) = χA :el` zexcbdaye µ+ = 1
2 (|µ|+ µ) y xekfp B = h−1(−1)

µ+(E) =
1
2

(|µ|(E) + µ(E)) =
∫
E

1
2

(1 + h)d|µ| =
∫
E

χAd|µ|

:okle dµ = d|µ| xnelk h = 1 y miiwzn A lr xy`k

=
∫
E

χAdµ = µ(E ∩A)

okle µ(E) = µ(E ∩ A) + µ(E ∩ B) - zeiaihic`n miiwzn E lklye µ = µ+ + µ− y al miyp µ− xear zrk

� µ(E ∩B) = µ−(E)

λ2 ≥ µ− e λ1 ≥ µ+ y miiwzn µ = λ1 − λ2 zeiaeig zecinl ziynn dcin ly wexit lkl 10 dpwqn

: okle µ ≤ λ1 y oaenk - dgked

µ+(E) = µ(E ∩A) ≤ λ1(E ∩A) ≤ λ1(E)

µ− xear ote` eze`a weicae

-pet Λ e ,zinewn ihwtnew sxecqe`d ibeleteh agxn X m` (zakexnd dqxbd - qix ly dbvdd htyn) 36 htyn
miiwzn f ∈ Cc(X) lkly jk X lr µ dcigi zixlebx zakexn lxea zcin yi f` Cc(X) lr meqg ix`pil lpeivw

Λf =
∫
fdµ
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dltkn iagxn

zeidl m × n dltknd zxabl`-σ z` xicbp (Y, n) ,(X,m) micicn miagxn ozpda (dltknd agxn) 48 dxcbd
.dltknd agxn `ed (X × Y,m× n) {A×B ; A ∈ m,B ∈ n} :zeixcpilivd zeveawd lkn zxvepd dxabl`-σd

:zeidl y ∈ Y e` x ∈ X dcewp lka dly mikzgd z` xicbp E ⊆ X×Y dveaw ozpda (dveaw ly jzg) 49 dxcbd

Ex = {y ∈ Y ; (x, y) ∈ E} ⊆ Y

Ey = {x ∈ X ; (x, y) ∈ E} ⊆ X

micicn md dcicn dveaw ly mikzgd lk 10 dprh

y ∈ Y lkle y ly divwpetk Y lr dcicn f(x, y) divwpetd x ∈ X lkl f` dcicn f : X × Y → C m` 11 dprh
x ly divwpetk X a dcicn `id

ly zecind f` Q ∈ m×n dcicn dveaw gwip m`e ,(Y, n, ν),(X,m, µ) - miiteq-σ dcin iagxn bef ozpda 12 dprh
:zecicn zeivwpet od dly mikzgd

ϕ(x) = ν(Qx) ψ(y) = µ(Qy)

:miiwzn sqepae .zecicn∫
X

ϕ(x)dµ =
∫
Y

ϕ(y)dν

ahid xcben dveawd gtp - xnelk

Q ∈ m×n dcicn dveaw lkl f` ,(Y, n, ν),(X,m, µ) - miiteq-σ dcin iagxn bef ozpda (dltknd zcin) 50 dxcbd
:zeidl dly dltknd zcin z` xicbp

(µ× ν)(Q) =
∫
X

ν(Qx)dµ =
∫
Y

µ(Qy)dν

.ziteq-σ z`vei `idye dcin ok` `idy ze`xdl ozip oke ahid zxcben l''pd dcindy zxne` dprhd

X × Y lr dcicn divwpet f e (Y, n, ν),(X,m, µ) - miiteq-σ dcin iagxn bef ozpda (ipiaet htyn) 37 htyn
:if` m× n l qgia

dn`zda X e Y lr zecicn od
∫
Y
f(x, y)dν e

∫
X
f(x, y)dµ f` ,ziaeig f : X × Y → [0,∞] y `xwna •

:oeieey yie dn`zda x,y ly zeivwpetk∫
X

(
∫
Y

f(x, y)dν)dµ =
∫
Y

(
∫
X

f(x, y)dµ)dν =
∫
X×Y

fdµ× ν

f ∈ L1(X × Y, µ× ν)) f`
∫
Y

(
∫
X
|f |dµ)dν <∞ sqepae ,zakexn f : X × Y :→ C y dxwna •

L1(ν) a `id f(x, y) y miiwzn (µ l qgia) x ∈ X lkl hrnk f` zakexn f ∈ L1(X × Y, µ × ν)) m`e •
zeivwpetd mb sqepae .x ly divwpetk f(x, y) ∈ L1(µ) (ν l qgia) y ∈ Y lkl hrnke y ly divwpetk

:oeieeyd miiwzne (x ly divwpetk)
∫
Y
f(x, y)dν ∈ L1(µ) e (y ly divwpetk)

∫
X
f(x, y)dµ ∈ L1(ν)∫

X

(
∫
Y

f(x, y)dν)dµ =
∫
Y

(
∫
X

f(x, y)dµ)dν =
∫
X×Y

fdµ× ν
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